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Federated Learning* (FL)

• A fast-developing decentralized 
ML technique

• One global model, many local 
models in a network

• Pros: no need to send data, 
preserve privacy

UE 1

UE 2

UE 3

Federated Learning Scheme.

1. Local computation

2. Transmit Learning 
Parameters

3. Update Global Model

4. Update 
Learning 

Parameters

* H. B. McMahan, E. Moore, D. Ramage, and S. Hampson, “Communication-
Efficient Learning of Deep Networks from Decentralized Data,” in Proceedings of 
the 20th International Conference on Artificial Intelligence and Statistics, vol. 54, 
Fort Lauderdale, FL, USA, 2017
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Challenges of FL

- Systems heterogeneity: differences in hardware 
(storage, computational power, connection) among users

- Statistical heterogeneity: devices’ local data are non-
identically distributed

Complicate  
algorithm design and 
convergence analysis

Our contributions

- FL algorithm using proximal stochastic variance reduced gradient (SVRG) method 
(FedProxVR): updating a model until some local accuracy threshold is achieved

- Convergence analysis: how to set the learning rate to achieve convergence

- Characterization of tradeoff between global and local convergence

- Method of minimizing the total training time
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System Model

Fn(w) :=
1

Dn

P
i2Dn

fi(w)
<latexit sha1_base64="aHDBPjPJpnqbtIGDjnnpuYuzD6k="></latexit>

Individual loss function on each device:

Global minimization problem: minw2Rd F̄ (w) :=
PN

n=1
Dn
D Fn(w).

<latexit sha1_base64="Nh6phORwoiVM+8O3gL66RnIHC5k="></latexit>

Assumptions: ��rfi(w)�rfi(w
0)
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��w � w0�� (1)

Fn(w) +
⌦
rFn(w), w

0 � w
↵
 Fn(w
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2

��w � w0��2 (2)
��rFn(w)�rF̄ (w)

��  �n

��rF̄ (w)
��. (3)
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=åThere are N users. Each user’s dataset size is nD . Total data size:
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Algorithm Design

Local model update:
min
w2Rd

n
Jn(w) := Fn(w) + hs(w)

o
, (1)

where hs(w) :=
µ

2

��w � w̄(s�1)
��2, (2)

<latexit sha1_base64="I4/xYtZ9Hqw1g/8jDk1n8bMRHEM="></latexit>

(2) is a “soft” consensus constraint to penalize deviation from current global model

In each local iteration:

• Find a VR stochastic gradient estimator,         

• Update the parameters using the proximal operator

• Send the updated parameters to the server 

v(t)n,s = rfit(w
(t)
n,s)�rfit(w

(t�1)
n,s ) + v(t�1)

n,s
<latexit sha1_base64="2vqVMRKZ1LsMCgRvuApYqmnuW/Y="></latexit>

𝜖-accurate solution: 1

T

XT

s=1
E
��rF̄ (w̄(s))

��2  ✏
<latexit sha1_base64="hAAclW2RY+X9BocgQ4ioIKalacU="></latexit>
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Algorithm Design

v(t)n,s = rfit(w
(t)
n,s)�rfit(w

(t�1)
n,s ) + v(t�1)

n,s
<latexit sha1_base64="2vqVMRKZ1LsMCgRvuApYqmnuW/Y="></latexit>

v(t)n,s = rfit(w
(t)
n,s)�rfit(w

(0)
n,s) + v(0)n,s

<latexit sha1_base64="r/Epkkh/AExIZ0WZQ1dKpdemu0k="></latexit>

Variance reduction stochastic gradient estimator:

v(t)n,s = rfit(w
(t)
n,s)

<latexit sha1_base64="8Txqxom4J22M9UKNrf6e5lVnjqE="></latexit>

SGD

SARAH

SVRG

Proximal operator: prox⌘hs
(x) := argminw2Rd

⇣
hs(w) +

1

2⌘

��w � x
��2

⌘

=
⌘

1 + ⌘µ

⇣
µ w̄(s�1) +

1

⌘
x
⌘

<latexit sha1_base64="Oxbt0EYyEZ8nb0j+duPTKFAoBew="></latexit>

w(t)
n,s � ⌘v(t)n,s

<latexit sha1_base64="k8w4UbtUDbsiKSpTZ5iFxk2bSeU="></latexit>

Find the proximal of the descent step,
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Algorithm Design

Initial parameters
w(0)

n,s = w̄(s�1)

v(0)n,s = rFn(w
(0)
n,s)

w(1)
n,s = prox⌘hs

(w(0)
n,s � ⌘v(0)n,s)

<latexit sha1_base64="AMqZQkVTSwfcZ1Wf2LvaXWlXd6Q="></latexit>

Step 1. Randomly pick a batch

v(t)n,s = rfit(w
(t)
n,s)�rfit(w

(t�1)
n,s ) + v(t�1)

n,s
<latexit sha1_base64="2vqVMRKZ1LsMCgRvuApYqmnuW/Y="></latexit>

Step 2. Find

Step 3. Update w(t+1)
n,s = prox⌘hs

(w(t)
n,s � ⌘v(t)n,s),

<latexit sha1_base64="fzGCi+zkXhlM9zG+p7dGhd6uX18="></latexit>

𝒕
=
𝟏,
…
,𝝉

Set                    , where 𝑡′ is chosen randomly in 1,… , 𝜏w(s)
n = w(t0)

n,s
<latexit sha1_base64="RNADtijBPuGCiCw8gq4GOG4gUcQ="></latexit>

Send        to the server for aggregationw(s)
n = w(t0)

n,s
<latexit sha1_base64="RNADtijBPuGCiCw8gq4GOG4gUcQ="></latexit>

Server averages all         to find updated global model w(s)
n = w(t0)

n,s
<latexit sha1_base64="RNADtijBPuGCiCw8gq4GOG4gUcQ="></latexit>

w̄(s)
<latexit sha1_base64="M6QgaY/+HKvAkpdfTNreTWDOKII="></latexit>
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For all 
devices in 
parallel
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Convergence Analysis
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The convergence criterion of the local problem (6) (at a given s) is
de�ned as follows

E
h
| |r�n (w(s)

n )| | | w̄(s�1)
i
 �

��rFn (w̄(s�1))
��, (11)

which is parametrized by a local accuracy � 2 (0, 1), and thus by
the total number of local iterations � . This local accuracy concept
resembles the approximation and inexact factors in [28] and [16, 24]
respectively. Here � = 0 means the local problem (6) is required to
be solved optimally, and � = 1means no progress for local problem,
i.e., by setting � = 0. Since all devices have the same � , local model
updates are synchronous. E [·] is the expectation with respect to
all randomness in FedProxVR.

Global model update: After receiving all local models sent by
devices, the server will update the global model according to line 12,
which will be fed back to all devices for next global iteration update.
We also use the expected squared norm of the gradient as conver-
gence indicator (i.e., stationary gap) for non-convex problems [3],
the global problem (2) achieves an �-accurate solution if

1
T

’T
s=1
E
��rF̄ (w̄(s))

��2  � . (12)

4.2 FedProxVR’s Convergence Analysis
In FedProxVR, we choose a �xed step size �1, parametrized by � such
that � = 1

�L . The convergence of local model update is provided as
follows.

Lemma 1. Device n achieves � -accurate solution (11) if � and �

satisfy the following conditions
a) when SARAH update (8a) is used:

0  3(�2L2 + µ2)
�2 µ̃L(� � 3)  �  5�2 � 4�

8
(13)

b) when SVRG update (8b) is used:

0  3(�2L2 + µ2)
�2 µ̃L(� � 3)  �  5�2 � 4�

8a
� 2 (14)

where there exists a > 0 such that a � 4 � 4
p
a(� + 1).

The following remarks are about relations between the local
accuracy � , number of local iterations � , and step size parameter � .

Remark 1.
(1) For an arbitrary � 2 (0, 1], we can always choose a su�-

ciently large � to satisfy both (13) and (14), where the lower
and upper bounds of � are �(�) and O(�2), respectively.It
means that with a su�ciently small (�xed) step size �, local
convergence is guaranteed.

(2) We see that � = �( 1
� 2 ). Thus if � is smaller, � must be larger

to satisfy lower bound conditions. It is straightforward that
with a smaller value of � , we have the solution to (6) is closer-
to-optimal, which requires running more local iterations.

(3) In practice, since large step size � and thus fast convergence
(small � ) are preferred, we choose the smallest �min satisfy-
ing Lemma 1 conditions by solving (e.g., in case of SARAH)

3(�2L2 + µ2)
�2 µ̃L(� � 3) =

5�2 � 4�
8

, � > 3, (15)

1Using a �xed step size is more practical than diminishing step size [3].

and correspondingly obtaining (the smallest) � :

� =
5�2min � 4�min

8
. (16)

(4) Observing that the lower bound of � is �(µ), thus increasing
µ (e.g., to make µ̃ � 0 when � is large) will increase � . This
is because larger µ will enforce the local update more proxi-
mal to the “anchor" point w̄(s�1) in each s , thus making the
convergence to the � -accurate solution more slowly.

(5) Compared to SARAH, SVRG has stricter condition for upper
bound (due to a � 4). Thus, SVRG requires a larger �min
to satisfy condition (14), and thus larger � (due to the lower
bound). This can be explained that SARAH uses the stochas-
tic gradient estimates that are more stable than that of SVRG,
which was also validated by a sample dataset in [22]. We
note that a concrete theoretical comparison between SARAH
and SVRG has not been explored before.

De�ning the cost gap of an arbitrary point w̄(0) by �(w̄(0)) :=
E
h
F̄ (w̄(0)) � F̄ (w̄⇤)

i
, we next provide the convergence condition

for the global model update of FedProxVR.

Theorem 1. Consider FedProxVR with all devices satisfying condi-
tions in Lemma 1, we have

1
T

’T
s=1
E
��rF̄ (w̄(s))

��2  �(w̄(0))
�T

. (17)

where

� =
1
µ

✓
1 � �

p
2(1 + �̄ 2) � 2L

µ̃

p
(1 + �2)(1 + �̄ 2)

� 2Lµ
µ̃2

(1 + �2)(1 + �̄ 2)
◆
> 0.

Corollary 1. The number of global iterations required to achieve
�-accurate solution to (2) is

T � �(w̄(0))
� �

, (18)

Remark 2.
(1) We see that � and µ are vital control “knobs” for the conver-

gence of FedProxVR. Speci�cally, to enable � > 0, we have
to choose su�ciently large µ and � < (2(1+ �̄ 2))�1/2, which
shows how data heterogeneity impacts both local and global
convergence. Speci�cally, larger �̄ 2, thus smaller � , means
devices will run more local iterations.

(2) These two parameters also characterize the trade-o� between
local and global convergence. While global convergence re-
quires � to be su�ciently small, devices prefer larger � for
faster local convergence (in Remark 1). On the other hand,
while µ must be su�ciently large to ensure global conver-
gence, it should not be too large to have a negative impact
on local convergence (i.e., making � large) and global con-
vergence (i.e., making � small, thus T large).

(3) Large L and � will require large µ in order to have � > 0.
(4) Compared to O( 1� )-iteration of the conventional proximal

SVRG [17] or SARAH [32] (with non-convex and �xed step
size but without FL setting), we see that FedProxVR with
T = O( 1

� � ) is scaled by a federated factor �. Next, we will
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𝜖-accurate solution: 
1

T

XT

s=1
E
��rF̄ (w̄(s))

��2  ✏
<latexit sha1_base64="hAAclW2RY+X9BocgQ4ioIKalacU="></latexit>
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quires � to be su�ciently small, devices prefer larger � for
faster local convergence (in Remark 1). On the other hand,
while µ must be su�ciently large to ensure global conver-
gence, it should not be too large to have a negative impact
on local convergence (i.e., making � large) and global con-
vergence (i.e., making � small, thus T large).

(3) Large L and � will require large µ in order to have � > 0.
(4) Compared to O( 1� )-iteration of the conventional proximal

SVRG [17] or SARAH [32] (with non-convex and �xed step
size but without FL setting), we see that FedProxVR with
T = O( 1

� � ) is scaled by a federated factor �. Next, we will

𝜃 and 𝜇 and vital control “knobs” for convergence

To ensure Θ > 0:

• 𝜇 should be large

• 𝜃 < 2 1 − 2𝜎! "#/!

Comparison:

• SVRG/SARAH: Ο ⁄# %

• FedProxVR: Ο ⁄# &%

Θ is called the federated factor, which determines the 
iterations of FedProxVR
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Figure 1: The e�ect of the weight factor � to the solution to
the problem (23), with L = 1, � = 0.5 (these two values can be
estimated by sampling real-world dataset.)

optimize the FedProxVR’s parameters including the federated
factor.

4.3 Optimizing FedProxVR’s Parameters
Denoting the device’s computation (i.e., steps 7 and 8 inAlgorithm 1)
and communication delays to send local model updates to the server
by dcmp and dcom , respectively, the total training time of FedProxVR
is as follows

T := T (dcom + dcmp� ). (19)

De�ning a weight factor � := dcmp
dcom

and T = �(w̄ (0))
� � , we minimize

T with convergence conditions as constraints:

minimize
µ ,� ,� ,�

1
�

⇣
1 + � �

⌘
(20)

subject to (15), (16), and � > 0. (21)

By removing constraint (15), (16) and substituting (with SARAH)

�
2 =

24(�2L2 + µ2)
µ̃L(5�2 � 4�)(� � 3) (22)

into �, we further simplify this optimization problem as

minimize
µ ,�

1
�

⇣
1 + �

5�2 � 4�
8

⌘
(23)

subject to � > 3 and � > 0, (24)

which has less variables and constraints than the original form (20).
Problem (23) is unfortunate non-convex. However, since there are
only two variables to optimize, we can employ numerical methods
to �nd the global optimal solution. We numerically illustrate how
the weight factor� a�ects to the optimal parameters in Fig. 1. When
� is very small, which means communication delay is much more
expensive than local computation delay, we see that optimal � (and
thus � ) is very large, i.e., devices are better to have more local
computation than communication rounds. When � increases, while

the optimal � decreases so that the local model update can be solved
approximately with less � , the optimal µ increases to ensure � > 0
due to the corresponding increasing value of � . We also observe
that large �̄ 2 increases the optimal µ and � , but decreases � and
�. All of the numerical observations in Fig. 1 exactly match the
theoretical remarks of Lemma 1 and Theorem 1.

5 EXPERIMENTS
In this section, we will examine the e�cacy of FedProxVR compared
to the SGD-based FedAvg [20] by real-world experiments. We also
show how FedProxVR’s empirical convergence relates to its theoret-
ical result by varying its control hyperparameters. All codes and
data are ready to be published on GitHub [7].

Experimental settings: To evaluate the performance of Fed-
ProxVR on various tasks and learning models, we will use di�er-
ent types of datasets in our experiments. Besides a “Synthetic"
dataset that captures the statistical heterogeneity as in [16, 26], we
also consider real datasets such as “MNIST" [15] and “FASHION-
MNIST" [33] for image classi�cation tasks using both convex and
non-convex models. All datasets are split randomly with 75% for
training and 25% for testing.

In order to generate datasets for devices that mimic the hetero-
geneous nature of FL, we simulate 100 devices for convex models
(Multinomial logistic regression) and 10 devices for a non-convex
Convolutional Neural Network (CNN) model (since it would take
drastically longer to run a CNN with 100 devices); each of the de-
vices has a di�erent sample size, generated according to the power
law as in [16]. Furthermore, each device contains only two di�erent
labels over 10 labels. The number of data samples for each device is
in the ranges of [37, 3277], [454, 3939], and [37, 1350] with respect
to “Synthetic", “MNIST", and “FASHION-MNIST". We implement
FedProxVR and SGD-based FedAvg using the Tensor�ow framework.

To allow a fair comparison, all algorithms use the same parame-
ters �, � ,N ,T during experiments. In the �nal experiment, the opti-
mal hyperparameters for each algorithm are used for performance
comparison. We will deploy image classi�cation with a multino-
mial logistic regression model for convex tasks and a two-layer
CNN model for non-convex tasks. Regarding the CNN model, we
follow the structure which is similar to that in [20] with two 5x5
convolution layers (32 and 64 channels for the �rst and second layer
respectively, max pooling size 2x2 is used after each layer), ReLu
activation, and a softmax layer at the end of the CNN. Although
mini-batch is not mentioned in Alg. 1, the experiments use mini-
batch to reduce tackle challenge of �nding the optimal local point
with a large number of data points.

E�ects of step-size parameter � and local iterations � : We
�rst compare the convergence of FedProxVR and FedAvg in Figs. 2
and 3 in di�erent hyperparameter settings. In both �gures, we �rst
choose the value of � , then determine � based on its upper-bound in
Lemma 1 such that the algorithms empirically converge. While the
upper-bound of � only depends on � , its lower bound is determined
by parameters such as L and µ̃ which are more di�cult to estimate
from the datasets and learning tasks. We start with small values
of � and � and then increase them to observe the convergence
behavior of FedProxVR and the e�ect of the weight vector � on
optimal parameters � and � .
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optimize the FedProxVR’s parameters including the federated
factor.

4.3 Optimizing FedProxVR’s Parameters
Denoting the device’s computation (i.e., steps 7 and 8 inAlgorithm 1)
and communication delays to send local model updates to the server
by dcmp and dcom , respectively, the total training time of FedProxVR
is as follows

T := T (dcom + dcmp� ). (19)

De�ning a weight factor � := dcmp
dcom

and T = �(w̄ (0))
� � , we minimize

T with convergence conditions as constraints:

minimize
µ ,� ,� ,�

1
�

⇣
1 + � �

⌘
(20)

subject to (15), (16), and � > 0. (21)

By removing constraint (15), (16) and substituting (with SARAH)

�
2 =

24(�2L2 + µ2)
µ̃L(5�2 � 4�)(� � 3) (22)

into �, we further simplify this optimization problem as

minimize
µ ,�

1
�

⇣
1 + �

5�2 � 4�
8

⌘
(23)

subject to � > 3 and � > 0, (24)

which has less variables and constraints than the original form (20).
Problem (23) is unfortunate non-convex. However, since there are
only two variables to optimize, we can employ numerical methods
to �nd the global optimal solution. We numerically illustrate how
the weight factor� a�ects to the optimal parameters in Fig. 1. When
� is very small, which means communication delay is much more
expensive than local computation delay, we see that optimal � (and
thus � ) is very large, i.e., devices are better to have more local
computation than communication rounds. When � increases, while

the optimal � decreases so that the local model update can be solved
approximately with less � , the optimal µ increases to ensure � > 0
due to the corresponding increasing value of � . We also observe
that large �̄ 2 increases the optimal µ and � , but decreases � and
�. All of the numerical observations in Fig. 1 exactly match the
theoretical remarks of Lemma 1 and Theorem 1.

5 EXPERIMENTS
In this section, we will examine the e�cacy of FedProxVR compared
to the SGD-based FedAvg [20] by real-world experiments. We also
show how FedProxVR’s empirical convergence relates to its theoret-
ical result by varying its control hyperparameters. All codes and
data are ready to be published on GitHub [7].

Experimental settings: To evaluate the performance of Fed-
ProxVR on various tasks and learning models, we will use di�er-
ent types of datasets in our experiments. Besides a “Synthetic"
dataset that captures the statistical heterogeneity as in [16, 26], we
also consider real datasets such as “MNIST" [15] and “FASHION-
MNIST" [33] for image classi�cation tasks using both convex and
non-convex models. All datasets are split randomly with 75% for
training and 25% for testing.

In order to generate datasets for devices that mimic the hetero-
geneous nature of FL, we simulate 100 devices for convex models
(Multinomial logistic regression) and 10 devices for a non-convex
Convolutional Neural Network (CNN) model (since it would take
drastically longer to run a CNN with 100 devices); each of the de-
vices has a di�erent sample size, generated according to the power
law as in [16]. Furthermore, each device contains only two di�erent
labels over 10 labels. The number of data samples for each device is
in the ranges of [37, 3277], [454, 3939], and [37, 1350] with respect
to “Synthetic", “MNIST", and “FASHION-MNIST". We implement
FedProxVR and SGD-based FedAvg using the Tensor�ow framework.

To allow a fair comparison, all algorithms use the same parame-
ters �, � ,N ,T during experiments. In the �nal experiment, the opti-
mal hyperparameters for each algorithm are used for performance
comparison. We will deploy image classi�cation with a multino-
mial logistic regression model for convex tasks and a two-layer
CNN model for non-convex tasks. Regarding the CNN model, we
follow the structure which is similar to that in [20] with two 5x5
convolution layers (32 and 64 channels for the �rst and second layer
respectively, max pooling size 2x2 is used after each layer), ReLu
activation, and a softmax layer at the end of the CNN. Although
mini-batch is not mentioned in Alg. 1, the experiments use mini-
batch to reduce tackle challenge of �nding the optimal local point
with a large number of data points.

E�ects of step-size parameter � and local iterations � : We
�rst compare the convergence of FedProxVR and FedAvg in Figs. 2
and 3 in di�erent hyperparameter settings. In both �gures, we �rst
choose the value of � , then determine � based on its upper-bound in
Lemma 1 such that the algorithms empirically converge. While the
upper-bound of � only depends on � , its lower bound is determined
by parameters such as L and µ̃ which are more di�cult to estimate
from the datasets and learning tasks. We start with small values
of � and � and then increase them to observe the convergence
behavior of FedProxVR and the e�ect of the weight vector � on
optimal parameters � and � .

Solution using numerical methods
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optimize the FedProxVR’s parameters including the federated
factor.

4.3 Optimizing FedProxVR’s Parameters
Denoting the device’s computation (i.e., steps 7 and 8 inAlgorithm 1)
and communication delays to send local model updates to the server
by dcmp and dcom , respectively, the total training time of FedProxVR
is as follows

T := T (dcom + dcmp� ). (19)

De�ning a weight factor � := dcmp
dcom

and T = �(w̄ (0))
� � , we minimize

T with convergence conditions as constraints:

minimize
µ ,� ,� ,�

1
�

⇣
1 + � �

⌘
(20)

subject to (15), (16), and � > 0. (21)

By removing constraint (15), (16) and substituting (with SARAH)

�
2 =

24(�2L2 + µ2)
µ̃L(5�2 � 4�)(� � 3) (22)

into �, we further simplify this optimization problem as

minimize
µ ,�

1
�

⇣
1 + �

5�2 � 4�
8

⌘
(23)

subject to � > 3 and � > 0, (24)

which has less variables and constraints than the original form (20).
Problem (23) is unfortunate non-convex. However, since there are
only two variables to optimize, we can employ numerical methods
to �nd the global optimal solution. We numerically illustrate how
the weight factor� a�ects to the optimal parameters in Fig. 1. When
� is very small, which means communication delay is much more
expensive than local computation delay, we see that optimal � (and
thus � ) is very large, i.e., devices are better to have more local
computation than communication rounds. When � increases, while

the optimal � decreases so that the local model update can be solved
approximately with less � , the optimal µ increases to ensure � > 0
due to the corresponding increasing value of � . We also observe
that large �̄ 2 increases the optimal µ and � , but decreases � and
�. All of the numerical observations in Fig. 1 exactly match the
theoretical remarks of Lemma 1 and Theorem 1.

5 EXPERIMENTS
In this section, we will examine the e�cacy of FedProxVR compared
to the SGD-based FedAvg [20] by real-world experiments. We also
show how FedProxVR’s empirical convergence relates to its theoret-
ical result by varying its control hyperparameters. All codes and
data are ready to be published on GitHub [7].

Experimental settings: To evaluate the performance of Fed-
ProxVR on various tasks and learning models, we will use di�er-
ent types of datasets in our experiments. Besides a “Synthetic"
dataset that captures the statistical heterogeneity as in [16, 26], we
also consider real datasets such as “MNIST" [15] and “FASHION-
MNIST" [33] for image classi�cation tasks using both convex and
non-convex models. All datasets are split randomly with 75% for
training and 25% for testing.

In order to generate datasets for devices that mimic the hetero-
geneous nature of FL, we simulate 100 devices for convex models
(Multinomial logistic regression) and 10 devices for a non-convex
Convolutional Neural Network (CNN) model (since it would take
drastically longer to run a CNN with 100 devices); each of the de-
vices has a di�erent sample size, generated according to the power
law as in [16]. Furthermore, each device contains only two di�erent
labels over 10 labels. The number of data samples for each device is
in the ranges of [37, 3277], [454, 3939], and [37, 1350] with respect
to “Synthetic", “MNIST", and “FASHION-MNIST". We implement
FedProxVR and SGD-based FedAvg using the Tensor�ow framework.

To allow a fair comparison, all algorithms use the same parame-
ters �, � ,N ,T during experiments. In the �nal experiment, the opti-
mal hyperparameters for each algorithm are used for performance
comparison. We will deploy image classi�cation with a multino-
mial logistic regression model for convex tasks and a two-layer
CNN model for non-convex tasks. Regarding the CNN model, we
follow the structure which is similar to that in [20] with two 5x5
convolution layers (32 and 64 channels for the �rst and second layer
respectively, max pooling size 2x2 is used after each layer), ReLu
activation, and a softmax layer at the end of the CNN. Although
mini-batch is not mentioned in Alg. 1, the experiments use mini-
batch to reduce tackle challenge of �nding the optimal local point
with a large number of data points.

E�ects of step-size parameter � and local iterations � : We
�rst compare the convergence of FedProxVR and FedAvg in Figs. 2
and 3 in di�erent hyperparameter settings. In both �gures, we �rst
choose the value of � , then determine � based on its upper-bound in
Lemma 1 such that the algorithms empirically converge. While the
upper-bound of � only depends on � , its lower bound is determined
by parameters such as L and µ̃ which are more di�cult to estimate
from the datasets and learning tasks. We start with small values
of � and � and then increase them to observe the convergence
behavior of FedProxVR and the e�ect of the weight vector � on
optimal parameters � and � .

When 𝛾 is small:
• Communication is more expensive

• Optimal 𝛽 (thus 𝜏) is large
• Devices are better off having more local 

computation than communication rounds

Large $𝜎! leads to 
• higher 𝛽 and 𝜇
• lower 𝜃 and Θ

Devices will have to run more local iterations
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Datasets:
• Synthetic: logistic regression
• Real: MNIST and FASHION-MNIST
• 75% training, 25% test

Models: convex and non-convex

Federated setting:
• 100 users for convex task
• 10 users for non-convex task
• Data distributed by the power law*

*T. Li et al., “Federated Optimization in Heterogeneous Networks,” in Proceedings of the 3rd MLSys Conference, Austin, TX, USA, 2020.
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Table 1: Comparing the models’ test accuracies using their
best hyperparameters on a convex task.

Algorithm � � µ B T Accuracy
FedAvg 10 10 0 16 983 84.02%
FedProxVR (SVRG) 20 10 0.1 32 895 84.12%
FedProxVR (SARAH) 20 5 0.1 32 965 84.21%

Table 2: Comparing the models’ test accuracies using their
best hyperparameters on a nonconvex task.

Algorithm � � µ B T Accuracy
FedAvg 20 10 0 16 995 93.52%
FedProxVR (SVRG) 20 10 0.01 16 970 94.06%
FedProxVR (SARAH) 20 9 0.01 32 958 93.75%

SVRG and SARAH) and a (for FedProxVR using SVRG), thus violating
Lemma 1, the learning curves of FedProxVR �uctuate much more
noticeably, although the performances of FedProxVR and FedAvg
are still improved and distinguishable. Therefore, with the choice
of � such that its lower- and upper-bound conditions are satis�ed,
FedProxVR is expected to converge better than FedAvg.

The performances of FedProxVR and FedAvg on the non-convex
task are highlighted in Fig. 3. Here, we observe a similar outcome
to our experiment in convex settings, and the performance gap
between FedProxVR and FedAvg is slightly larger.

E�ects of proximal penalty µ to global iterations T : We
evaluate the e�ect of proximal penalty µ to the convergence of
FedProxVR in Fig. 4. Using FedProxVR on the Synthetic dataset, we
observe that the training loss of FedProxVR diverges when µ = 0,
and increasing µ > 0 stabilizes the loss, allowing it to converge.
However, it is also noticeable that larger values of µ will make
the convergence of FedProxVR slower. Therefore, µ also re�ects
the trade-o� between the smoothness of the learning curve and
convergence speed of FedProxVR.

Performance comparison using optimized parameters:As
algorithms behave di�erently on the same hyperparameters (e.g., µ,
� and� in our experiment), we conduct a random search on carefully
chosen ranges of hyperparameters to determine which combination
of them would yield the highest test accuracy with respect to each
algorithm. The result is captured in Tables 1 and 2. It can be seen that
when using their optimized hyperparameters, FedProxVR manages
to improve its accuracies from FedAvg on both convex and non-
convex tasks. Also, while FedAvg performs better on smaller batch
sizes on the convex task, FedProxVR bene�ts from larger batch sizes.
Finally, on both tasks, FedProxVR starts to converge earlier than
FedAvg.

6 CONCLUSIONS
In this paper, we propose an algorithm for FL using proximal sto-
chastic variance reduced gradient methods, which can address the
heterogeneity challenges of FL due to massively participating de-
vices with non-identically distributed data sources. In the proposed
algorithm, each user device is allowed to independently solve its
learning problem approximately for a number of local iterations

for local model update, which will be sent to the server for global
model update. We characterize the convergence analysis for both
local and global model updates, which provided several fruitful
insights for algorithm design. We also propose how to �nd the
optimal algorithm parameters to minimize the FL training time.
Using Tensor�ow, we validate theoretical �ndings by presenting
empirical convergence of the proposed algorithm on various real
and synthetic data sets to show that our algorithm can boost the
convergence speed compared to the SGD-based approaches for FL.
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